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Abstract 
For deep injection of CO2 in thick saline formations, the movements of both the free gas phase and of dissolved CO2 are sensitive 
to variations in vertical permeability. A simple model for vertical heterogeneity was studied, consisting of a random distribution
of horizontal impermeable barriers with a given overall volume fraction and a given distribution of lengths. Analytical results
were obtained for the distribution of values for the permeability, and compared with numerical simulations of deep CO2 injection 
and of convection in heterogeneous formations, using multiple realizations for the permeability distribution. It is shown that for a 
formation of thickness H, the breakthrough times for deep injection scale as H2 in two dimensions for moderate injection rates. In 
comparison to heterogeneous shale distributions, a homogenous medium with equivalent effective vertical permeability has a 
longer breakthrough time for deep injection, and a longer onset time for convection.  
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1. Introduction 
In order to assess the integrity of the long-term storage of CO2 in saline formations, one needs to predict the 
spatial distribution of the CO2 and its partitioning between gas, liquid and solid phases, both during the injection 
stage, and for hundreds to thousands of years afterwards. For storage in saline formations, there are two kinds of 
CO2 migration that are sensitive to variations in vertical permeability. 
 The first kind occurs in the shorter term when injection takes place deep within a thick heterogeneous formation, 
with the intention of allowing the CO2 to rise under buoyancy, relying on the tortuous migration path to impede the 
vertical migration[1]. Here one needs to estimate the distribution of possible arrival times at a shallower level. This 
is particularly important if there is no regional seal, or if there is a risk of affecting hydrocarbon or groundwater 
resources in another formation. There are basins in which deep injection of CO2 may be allowed if it can be shown 
that the CO2 is unlikely to contact hydrocarbons at the top of the formation before the field has been depleted. In this 
situation the timing of CO2 arrival can become a point of contention.  
The second kind occurs in the long-term as CO2 dissolves in the formation water, causing a slight density 
increase which is usually sufficient to induce slow convection in the aqueous phase, and thus significantly accelerate 
the overall dissolution process. Previous work analyzed idealized models to estimate the time scales for the start of 
convection. However these models ignore the presence of heterogeneity and use an effective vertical permeability 
which is only valid for large vertical distances [2].  
A simple model for vertical heterogeneity was studied, consisting of a random and uncorrelated distribution of 
horizontal impermeable barriers with a given overall volume fraction and a given distribution of lengths. Previous 
work has obtained the average vertical permeability of this model [3], using a statistical streamline method. 
However, the length of individual streamlines will vary, depending on their tortuosity. Section 2 outlines theoretical 
results from this model for the variation of vertical permeability in two and three dimensions. Section 3 then 
presents 2D numerical simulation results for CO2 injection and for convective mixing of dissolved CO2, and 
analyses these using the theoretical results. 
2. Theoretical  analysis 
2.1. Effective vertical permeability 
The effect of impermeable barriers (such as shales) on the vertical permeability of a reservoir was considered in 
detail by Begg and King [3]. In that study (as well as the present one), it was assumed that these impermeable 
barriers are randomly distributed (with no spatial correlations) in a medium which is otherwise homogeneous.  
By considering the volumetric flow rate through streamtubes in the reservoir, and equating this with the flow rate 
through an equivalently sized homogeneous reservoir, the effective vertical permeability can be expressed as 
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where K is the permeability of the bulk medium, fs is the fraction of impermeable barriers, H is height of the 
reservoir under consideration, Ns is the number of streamlines that flow through the reservoir, and Si is the length of 
the ith streamline.  
If there exist sufficiently many impermeable barriers randomly distributed in the reservoir, such that the number 
of barriers encountered by each streamline is relatively constant, then it can be assumed that the length of each 
streamline is well approximated by the mean of the streamline lengths. Equation (1) then reduces to 
2)/1(
)1(
tdf
fKK sVE  s
 (2) 
1824 C. Green et al. / Energy Procedia 1 (2009) 1823–1830
Green et al./ Energy Procedia 00 (2008) 000–000 3
where d=L/2 in two dimensions and d=(3 L – W) W/(6 L) in three dimensions and where t is the shale thickness and 
L and W are the means of the lengths and widths of the impermeable barriers, respectively. 
When one is considering breakthrough due to vertical migration, it is important to consider the possibility of a 
faster path than that given by the average vertical permeability. It is much more involved to compute the variance of 
the vertical permeability [4] and only approximate expressions have been obtained. In two dimensions the variance 
of Kv is 
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2If ı  is equal to c L2L  for some constant c, then in 2D the ratio of the standard deviation of the effective vertical 
permeability to the mean is given by  
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2.2. Regions of high vertical permeability 
Another interesting feature of reservoirs with impermeable barriers is the existence of regions of high vertical 
permeability in the reservoir, i.e., regions free of impermeable barriers. Such regions are of particular interest in 
considering breakthrough, where the locally-averaged vertical permeability could be a more accurate metric than an 
overall field-scale effective vertical permeability. 
If the reservoir is sufficiently large such that the fraction of impermeable barriers fs is approximately constant in 
each vertical section, then the probability of finding a chimney of height k is a simple Bernoulli process. The mean 
ȝ 2 2c and variance ıc  of the chimney heights are then ȝc= t (1-fs)/fs and ıc =t2(1-fs)/fs2. It is readily apparent that 
shorter chimneys are more likely than long ones. Furthermore, increasing the fraction of impermeable barriers leads 
to a decrease in the mean and variance of the distribution of chimney heights. 
3. Simulations 
3.1. Deep CO2 injection 
The theoretical results on vertical permeability are valid for a uniform single-phase flow. Injection of CO2 into 
saline formations involves two-phase flow, and a pressure field centered on the well location. So to examine the 
effects of vertical heterogeneity on CO2 injection, numerical simulations were conducted using the multi-phase flow 
code TOUGH2. To allow multiple realizations to be simulated at a fine resolution, the geometry was restricted to a 
2D vertical section.  
A Markov chain/Monte Carlo (MCMC) technique was used to generate random distributions of thin horizontal 
shales, represented as ellipsoids of length L , width W  and thickness t, subject to the specified shale fraction fe e s.
Since the ellipsoids are intersecting a 2D plane, if L =We e then the average lateral extent of the ellipsoids in cross-
section is L 2e ʌ/2, while the variance of the lateral extent is Le  (8/3- ʌ2 2/4) § 0.199 L .  In each case, the porosity was e
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20%, the intrinsic horizontal permeability kh was 10-13 m2 (§ 100 mD) and the vertical permeability kv was given by 
kv/kh=0.5. The initial average pressure was 20 MPa, and the temperature was 90 C (conditions appropriate to a depth 
of around 2km). The upper and lower boundaries were impermeable, and the lateral boundaries were at constant 
pressure. CO2 injection was simulated at the centre of the bottom of the formation, which would correspond to a 
vertical cross-section through a long horizontal well. In the base case the simulated domain was 100m vertically 
(with a grid resolution of 1m) and 2000m wide (at 10m grid resolution) and the injection rate was 0.1 kg/s for a 1m 
thick section (corresponding to 30 kg/s for a 300m long horizontal well completion). Non-hysteretic relative 
permeability and capillary pressure curves were used, with a residual water saturation of 20 % and a residual gas 
saturation of 20%.  
Figure 1: Realisations of the distribution of CO2 gas saturation when breakthrough occurs at the top of the simulation domain. Left: L= 62.8m, 
fs=0.15, 0.1 kg/s (per m of thickness), Right: L=251.3m, fs=0.0403.  
Fig. 1 shows two realizations of the distribution of gas saturation when the CO2 first reaches the top seal.  The 
parameters of the shale distributions are different, but are chosen such that the effective vertical permeability 
predicted from Eq. (2) is the same.  It is evident that the CO2 plume spreads out considerably as it rises, and the 
point of breakthrough may be offset considerably from the horizontal location of the injector. The theoretical 
prediction from section 2.1 is that the average chimney height should be 5.7 m for fs=0.15 (left hand case in Fig 1), 
and 23.8 m for fs=0.0403 (right hand case in Fig. 1), with the standard deviation being slightly larger than the mean. 
This agrees with the evidence of longer chimneys for the fs=0.0403 case.  
In order to compare the effects of changing the shale distribution, it is necessary to average the results of a 
number of realizations (at least 10-20). The statistical error in the mean is approximately ı/(2 n)1/2 for n realizations, 
where ı2 is the variance.  Fig. 2 shows the average of the maximum lateral extent and the average of the maximum 
vertical extent of the CO2 plume as a function of time for three cases with the same average vertical permeability 
(from Eq. (2), for small values of fs this approximately corresponds to fs L/t being constant). Although the values of 
L range from 62.8m to 251.3m, the average spread is remarkably similar. It is noticeable that in comparison, an 
homogeneous case with the same effective vertical permeability has a slower vertical breakthrough, and this has 
implications for the upscaling processes that are used in field-scale CO2 modeling and simulations. The vertical 
extent is not increasing linearly, but as the square root of time. On the other hand, until the time of breakthrough, the 
ratio of vertical to lateral extent (the “aspect ratio” of the plume) is nearly constant. For fs L/t = 9.42 this ratio is 
approximately 0.1. 
 A theoretical analysis of this in 2D can be derived as follows. For a total vertical distance of H, the average 
number of shales is H fs/t. Now assume that the pressure gradient due to injection biases the CO2 movement to be 
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away from the injector location. The average lateral distance travelled at each shale is then L/2. The half-width of 
the plume will then be H f L/(2 t), and so the ratio of plume height to width will be t/( fs s L), which accords with the 
simulation results just examined i.e. t/( fs L)=0.106 agrees with the observed ratio of 0.1. The area spanned by the 
plume (in 2D) increases as H2 fs L/(2 t). If the sparseness of the plume (i.e. the amount of CO2 per area) remains 
fixed, then for a constant rate of injection the average height must be proportional to the square root of time. This 
means that the breakthrough time increases as the square of the formation thickness, at least for the range of 
injection rates and thicknesses so far considered. 
Figure 2. Average dimensions of CO2 plume as a function of time for three cases with the same average vertical permeability, but different shale 
distributions. Left: average maximum lateral extent of plume. Right: average maximum vertical extent of plume. Black curve: L=62.8, fs=0.15 
Red:  L=125.7, fs=0.0786. Green: :L=251.3, fs=0.0403. Blue: homogeneous case with same effective vertical and horizontal permeabilities.  
Now at much lower injection rates, the effect of the outward pressure gradient will be weaker, especially in a 
thick formation. Then the CO2 plume that reaches a lateral shale barrier could then be expected to migrate to the 
nearest edge, rather than the one furthest from the injector location. It can then be shown that the variance of the 
location of plume breakthrough is given by H fs (L2 2 2 + ı )/(3 t), where ıL L  is again the variance of the shale width. 
Then the area of the plume is 4/3 H3/2 (fs L2 1/2 2 (1+c)/(3 t))  where ı = c L2L . Thus the breakthrough time would 
increase as H3/2.  However lowering the rate of injection also changes the sparseness of the plume, as can be seen in 
Fig. 3, which shows realizations of the gas saturations at breakthrough for a rate of 0.001 kg/s and 0.01 kg/s.  
Comparing to Fig. 1, the lateral extent is much less (towards the “low injection” limit just discussed), the average 
saturation is lower and the plume is much sparser.  
 More detail on the mean and standard deviation of breakthrough times is given in Table 1. Each statistic depends 
on a sample of at least 20 realizations of the specific shale distribution. Cases 1-3 are chosen so that the mean 
effective vertical permeability (which is primarily a function of fs L/t) will be the same (as given in Eq. (2)). 
However Eq. (3) indicates that the standard deviation of the effective vertical permeability (relative to the mean) is 
increasing as (L/H)1/2.  Increasing L corresponds to more high permeability pathways (and more chimneys, since fs
is decreasing), and so to earlier breakthrough, as is seen in comparing the first three cases. Halving the effective 
vertical permeability by increasing fs L/t (case 4) nearly doubles the breakthrough time, while doubling it (case 5) 
nearly halves the breakthrough time. The variation in breakthrough times relative to the average value should be 
related to Eq. (5), the same ratio for the vertical permeability e.g. in case 1 Eq. (5) predicts a ratio of 0.28 (the 
simulated ratio is 0.21) and in case 6 the prediction is 0.20 (simulated is 0.15). Doubling the thickness of the 
formation (case 6 vs case 1) increases breakthrough time by a factor of four, but decreases the variability in 
breakthrough time, while tripling H increases breakthrough time by a factor of 8.4 (case 10 vs case 2). Decreasing 
the injection rate (cases 7 and 8 vs case 1) increases breakthrough time but sub-linearly. Even at the lower injection 
rate of 0.01 kg/s, doubling the thickness (case 8 vs case 9) increases the breakthrough time by about a factor of 4.  
Simulations in 3D of comparable spatial resolution have not yet been conducted, since several million grid blocks 
would be required. However there are several plausible extensions of the above theories. If the shale barriers are 
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randomly oriented, then the lateral spread of the plume from a point source would be H fs Lav/t, where Lav is the 
average of the length and width of the barriers. If however the barriers were all aligned in their direction (as might 
occur in certain depositional environments), then the lateral spreading would be H fs L/t in the direction across the 
length of the barriers, and H fs W/t in the direction across the width of the barriers. Most interesting is that in 3D, the 
volume of the plume would increase as H3, as would the breakthrough time, so that deeper injection would give a 
much greater time before breakthrough, corresponding also to greater trapping of residual CO2 in the plume. Further 
simulations are needed to explore the effect on breakthrough times of an extended source in 3D, in addition to the 
stochastic distributions of shales.  
Figure 3: Lower injection rates: Realisations of the distribution of CO2 gas saturation when breakthrough occurs at the top of the simulation 
domain. Left: 0.001 kg/s (per m of thickness), Right: 0.01 kg/s. 
Table 1: Average and standard deviation of breakthrough times for different shale distributions, thicknesses and rates.  Each average is over a 
minimum of 20 realizations. The rates are for a 1m thick cross-section.  
Case fs L (m) fs L/t H (m) Rate (kg/s) Av time (s) Std Dev Sd/Av
1 0.15 62.8 9.42 100 0.1 4.17e7 8.9e6 0.21 
2 0.0786 125.7 9.87 100 0.1 3.87e7 1.0e7 0.27 
3 0.0403 251.3 10.13 100 0.1 3.10e7 8.7e6 0.28 
4 0.15 125.7 18.84 100 0.1 8.59e7 2.3e7 0.27 
5 0.0408 125.7 5.13 100 0.1 2.17e7 6.4e6 0.30 
6 0.15 62.8 9.42 200 0.1 1.65e8 2.4e7 0.14 
7 0.15 62.8 9.42 100 0.001 6.52e8 1.6e8 0.25 
8 0.15 62.8 9.42 100 0.01 1.63e8 4.0e7 0.24 
9 0.15 62.8 9.42 200 0.01 7.14e8 1.0e8 0.15 
10 0.0786 125.7 9.87 300 0.1 3.23e8 6.2e7 0.19 
3.2. Convective mixing of dissolved carbon dioxide 
The convective mixing process that accelerates the long-term dissolution of carbon dioxide is also sensitive to 
variations in permeability, especially during the finger initiation stage. The same shale distribution model was used 
to explore this effect, but on a smaller spatial scale than the previous section, with the barriers being 0.125 m thick 
vertically. The simulation domain here is a 2D vertical cross-section, 25 m by 25 m. The base permeabilities and the 
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initial conditions are as in the previous section. Three cases are compared here, all with the same effective 
permeabilities in the vertical and horizontal directions. In case 1, fs=0.153 and w=1.5m, in case 2, fs=0.1 and 
w=2.5m, and case 3 is homogeneous with the corresponding effective permeabilities. Fig. 4 shows one realization of 
case 1 and case 3 at the same simulation time of 200 years. It is clear in this instance that the heterogeneous case has 
a more rapid onset of convection than in the homogenous case. This observation is confirmed by Fig. 5, which 
shows the average amount of CO2 dissolved due to convection as a function of time, averaging over 10-20 
realizations of the respective shale distributions. The two heterogeneous cases are very similar, whereas the 
homogeneous case 3 has a slower initiation.  The reason is that the average vertical spacing between shales may be 
larger than the length scale at which fingers begin. Locally the fingers experience a vertical permeability closer to 
the fine scale value of kv rather than the ‘global’ value of kveff. In the homogeneous case, the vertical permeability at 
all length scales is kveff and the finger instability is slower to begin. However the rate of plume growth at longer 
times is similar, since then the plume motion depends on kveff   and kheff. Thus upscaling of convection must take 
account of the scale-dependence of permeability, with a fine-scale vertical permeability controlling finger initiation 
and a coarse-scale vertical permeability controlling plume growth. 
4. Conclusions 
The vertical migration of CO2 due to buoyancy is important in underground storage, particularly in deep saline 
formations. Better understanding is thus needed of the rate of vertical migration, and its relationship to variations in 
vertical permeability due to heterogeneity. Simple analytical expressions have been presented for the mean and 
variance of the vertical permeability distribution in a reservoir with randomly distributed impermeable barriers, for 
both two and three-dimensional cases. In particular, the variance is inversely proportional to the reservoir thickness, 
in contrast to the mean (effective) vertical permeability, which is scale invariant.  A simple statistical description has 
also been obtained for the distribution of internal regions of high vertical permeability.  
Figure 4: Mass fraction of dissolved carbon dioxide, showing initiation of fingering, for a 25m  x 25 m simulation domain with a top boundary 
condition of constant dissolved carbon dioxide. Left: statistical distribution of shales with fs=0.153 and w=1.5m. Right: homogenous
permeability with same effective vertical and horizontal permeability.  
Numerical simulations were carried on 2D vertical sections for deep CO2 injection in heterogeneous formations, 
using multiple realizations for the permeability distribution. It was found that the CO2 reached the top of formation 
sooner than in an equivalent homogenous medium with the same effective permeabilities, and that as the shale 
length was increased (at constant vertical permeability) the average breakthrough time was earlier, and the variance 
was greater. Theoretical estimates were made for the lateral spread of the plume, and at moderate injection rates this 
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resulted in a breakthrough time which scaled as the square of the formation thickness H. At very low rates (more 
appropriate to leakage than injection), breakthrough times should scale as H3/2.  Thus deep injection in thick 
formations can result in slow vertical migration and significant trapping within the formation. 
Numerical simulations were also carried out on multiple realizations of small scale 2D vertical sections for 
convection of dissolved CO2. It was found that convection began much sooner in the heterogeneous cases than in an 
homogenous case with the same effective permeabilities. If the characteristic length scale of fingers at the onset of 
convection is much less than the effective “chimney length” in the vertical permeability, then the locally averaged 
vertical permeability is the relevant quantity for finger growth, whereas if it much greater than the chimney length, 
then the larger-scale effective vertical permeability determines the timing of the onset of convection. Thus 
heterogeneity on multiple length scales must be considered as the convection plumes form and grow. This result has 
implications for the upscaling of convection from high-resolution simulations to coarser field-scale simulations 
which are needed to model an entire storage site.  
Figure 5: The upscaling of convection: amount of CO2 dissolved per unit area vs time for three cases with the same effective permeability but 
differing distributions.  Case 1: w=1.5 m, fs=0.153; Case 2: w=2.5 m, fs=0.1; Case 3: homogeneous.  
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